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ABSTRACT

Let the finite group G = AB be the product of two soluble subgroups A
and B, and let 7 be a set of primes. We investigate under which conditions
for the maximal normal 7-subgroups of A, B and G the following holds:
0 (G) N Oz (G) C Ox(G).

1. Introduction

A result of Johnson [5] says that for every finite soluble group G = AB which
is the product of two subgroups A and B and for every set of primes w, the
maximal normal m-subgroups satisfy O, (A4) N O(B) C O,(G). It is natural to
ask whether this extends to arbitrary finite products of groups and, in particular,
to products of finite soluble groups.
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Some examples which show that this question has a negative answer in general
will be given in the last section. Groups of the following type turn out to be
crucial.

A group G is said to be of type I'(g) if there exists a power ¢ = p™ of some odd
prime p such that G is a subgroup of the group PT'Ly(q) and G contains a normal
subgroup isomorphic to Ls(g) such that the index m = |G: La(g)] = 1 mod 2.

THEOREM 1.1: Let the finite group G = AB be the product of two soluble
subgroups A and B. If G does not involve any section of type I'(q) for odd
numbers m and q, then for the maximal normal subgroups of order we have

O(A)NO(B) C O(G).

COROLLARY 1.2: If the finite group G = AB is the product of two soluble
subgroups A and B and if no section of type I'(q) for odd numbers m and q
is involved in G, then O,(A) N O,(B) C O,(G) for every set of primes m not
containing the prime 2.

We will frequently use a result of Kazarin [6] by which the groups that can occur
as non-abelian composition factors of a product of two finite soluble subgroups
are known.

The notation is standard and can be found, for instance, in [3]. PI'Ly(q)
denotes the automorphism group of La(g) = PSL(2,q). All groups considered
are finite.

2. Preliminaries

By Kazarin [6], the groups which may occur as composition factors of a product
of two finite soluble groups are contained in the following set:

M = {L2(q),q > 3; L3(q),q < 9; L4(2), M11,PSp,(3), Us(8)}.

The following table contains relevant information on the orders of these groups
and their outer automorphism groups.
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Group G Order of G | Out G|
Us(8) 19.34.7.26 2.32
PSp,(3)  26.315 2
La(2) 26.32.5.7 2
M, 24.32.5.11 1
La(7) 25.32.7%.19 2.3
L3(3) 32.24.13 2
La(4) 26.32.5.7 22.3
Ls(5) 25.3.5%.31 2
Ls(8) 99.32.72.73 2.3

Ly(q), g=p" e€q(g®—1),e=(p—1,2)"1 e'n

We recall the following well-known result of Dickson which can be found, for
instance, in (3], II, 8.27.

LEMMA 2.1: Let H be a maximal subgroup of the simple group X ~ Ly(q),
where ¢ = p™ for a prime p. Then one of the following conditions holds:

(1) H ~ D,,, a dihedral group of order m = (g + 1)e with e = (¢ — 1,2)71,

(2) H ~ Ay or Sy,

(8) H~ As forp=>5 or p™ — 1 = 0 mod 5,

(4) H ~ E x C, where E is an elementary-abelian group of order p™ and C is
a cyclic group of order €¢(q — 1),
(5) H ~ Ly(p®) where s divides n, or H ~ PGLy(p®) where 2s divides n.

Lemma 2.1 has the following consequence. Note that the second statement
becomes false when the prime r is not odd.

LEMMA 2.2:  All local subgroups of a simple group X ~ Lg(q) are soluble.
Furthermore, if v is an odd prime and Y and T are maximal r-local subgroups
of X, thenY and T are conjugate in X.

The next result generalizes a theorem of It6 [4] on the factorizations of the
linear fractional groups.

LEMMA 2.3: Let A and B be maximal subgroups of a simple group N ~ Lo(q),
where ¢ = p™ for a prime p. If the order of N divides |A||B|| Out N|, then one of
the following conditions holds:

(1) ¢g=4 or5, and {|A|,|B|} = {12,10} or {6,10},

(2) ¢=7, {|4],|B|} = {21,24},

(3) ¢ =9, {|Al,|B|} = {10,36}, {24, 60}, {36,60} or {60,60},
(4) ¢ =11, {)A],|B|} = {12,55} or {55,60},

(5) ¢ =19, {|A],|B|} = {19.9,60} or {19.9,20},
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6) ¢ =29, {|A4],|B|} = {29.14,60} or {29.14, 30},

7) ¢ =59, {|A],|B|} = {59.29,60},

8) g =119, {|A|,|B|} = {119.59,60} or {119.59, 120},

9) {IA],)B|} = {eq(g—1),v(g+ 1)} wheree = (2,¢q— 1)}, v = (2,q), and the
subgroup of order v(q + 1) is dihedral,

(10) g =23, {|A|,|B|} = {23.11,24},

(11) g =16, {J4|,|B|} = {16.15,2.17} or {60, 34}.

Here — with the exeption of case (7) — every subgroup of order 60 is a group

of type Lo(4).

(
(
(
(

Proof: Set € = (p—1,2)"!. Then
(%) [N| = ep™(p*™ — 1) divides |A}|B|2n,

and it is easy to see that |A||B| = 0 mod p. Hence we may assume that |A| =
0 mod p.

If A~ Ay, then the maximality of A implies that the Sylow-2-subgroup of N
is a four-group. If g is even, then ¢ = 4 and N ~ Ay ~ L5(4) ~ L5(5). Therefore
the first statement holds.

Let p = 3. Since |N| < |A||B|2n, we have that |[N: B| < 24logg g. Now it
follows easily from Lemma 2.1 that |{N: B| > ¢ for each proper subgroup B of
the group N =~ Lo(q) with ¢ > 9. Hence ¢ < 24logz g. Using condition (*) and
Lemma 2.1 this possibility can be excluded (g < 3%).

Let A ~ S;. Then ¢ = 1 mod 2. Hence p = 3. By (%) we see that |N| <
|A||B|2n and q < |N: B| < 48log; g. Then g < 3%. A case-by-case analysis using
Lemma 2.1 and condition (*) gives ¢ = 9 and {|4|,|B|} = {24, 60}.

Assume further that A ~ As. If p = 2 then ¢ < |N: B] < 60log, q and ¢ < 2°.
A case-by-case analysis shows that the only possibility in this case is ¢ = 2* and
|B] = 34. Note that here a group L = PI'L,(16) has the interesting factorization
L=UVwithUNN=A, VNN =Band UNV = 1. We also have |A| = 60
and |B| = 34.

Let p = 3. Then ¢ < 120log;q and g < 3%. It is easy to see that in this
case ¢ = 9 and B is a maximal subgroup whose order is divisible by 3. Hence
{|Al,|B|} = {60, 36}, {60,60}, {60, 24}.

Assume next that p = 5. Then q < 120logg q and g < 5*. Using Lemma 2.1
and condition (*) we obtain a contradiction.

Now we may suppose that |A| = g(g— 1)e or |A| = p*(p?® — 1)¢, where s divides
n or |A| = p*(p?® —1) with 2s dividing n. In this case s < n/2 and |B| = 0 mod p.
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Since the cases A4, A5 and Sy were considered above we may suppose that |B|
divides pt(p** — 1), where t divides n or |B| = q(g — 1)e.
Let | B| be a divisor of p*(p** — 1) with t <n. Then

(*x) ep™(p?" — 1) divides p®(p** — 1)p*(p** — 1)np with g = (2,p — 1).

If n = p*r with (r,p) = 1, then n < s+t + X where A < log,n.

If 5, < n/3 then n = p = 3. Using conditions (*) and (xx) we obtain a
contradiction by Lemma 2.1. Hence we may assume that s = n/2. If t < n/3
then n = 6 and e(p'? — 1) divides (p® — 1)(p* — 1).12. It is not difficult to see
that this is impossible. Hence ¢t = n/2 and ep? (p** — 1) divides p* (p% — 1)22tu.
This leads to the following:

p* + 1 divides (p®* — 1)8t.

If p = 2 then 22° + 1 divides (2% — 1)t. However, (22 +1,2%* —1) = 1 and
22™m 4 1 divides m, a contradiction.

If p # 2 then it is easy. to see that (p°* +1,4) = 2 and (p?* — 1,p? + 1) = 2.
Hence p? + 1 divides 2t which also gives a contradiction.

Now we may assume that in each case |A| = eq(g — 1). Then

(% * %) q+ 1 divides |Blny, where p= (p —1,2).

If B is as in Lemma 2.1.5, then p™°® + 1 divides (p** — 1)2ms.

If m =2, then (p™° +1,p** — 1) =2 and p™°® + 1 divides 4ms. Then ms < 4
and it is easy to see that this is not the case. If m > 2, then p(™~2)¢ < 2ms and
(m —2)s < 5. It is not difficult to show that this contradicts condition (*).

Hence either |B| = (¢ + 1)p with g = (2,p — 1) or |B} € {12,24,60}.

Let |B] = 12. Then g+ 1 divides 24n and n < 7. If p = 2, then even 2" + 1
divides 3n and n = 3. Now |B| = (¢ + 1)2 = 18 and {|A|,|B|} is as in (9). If
p = 3 then n < 4, and it is easy to see that this is impossible by Lemma 2.1
and condition (x x x). If p = 5 then n < 2, and it follows that N ~ L(5) and
{|A},1B|} = {10,6} or {10,12}. If p > 7 then n = 1 and p+ 1 divides 24, so that
p < 23.

Let |B| = 24. Then g + 1 divides 48n. As above it follows that n < 8 and,
if p =2, then ¢ = 8. If p = 3 then ¢ < 4, which is not the case. If p = 5 then
g < 5%. 1t is not difficult to see that this also leads to a contradiction. If p > 7,
then n =1 and p + 1 < 48 implies that either {|A|,|B|} = {eq(q¢ — 1),v(¢ + 1)}
org="7or 11.
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Finally, let |B| = 60. Then g + 1 divides 120n. If q is even then g + 1 divides
15n. It is easy to show that this leads to a contradiction. Hence g is odd. If
p = 3, then n < 4. An easy calculation excludes this case. {(An exception is
g =9 and {|A],|B|} = {36,60}.) If p = 7 then we also obtain a contradiction.
If p = 11 also ¢ = 11 and {|A|,|B|} = {55,60}. The cases p = 13 or 17 do not
occur. If p =19 then ¢ = 19 and {|Al,|B|} = {19.9,60}. If p > 19 then g = p
and ¢ = 19,29,59,119.

Hence in all cases we have |B| = (¢ + 1)v with v = (2,p) as stated in (9).

COROLLARY 2.4: Let A and B be two maximal soluble subgroups of a simple
group N = Ly(q) with ¢ = p" for some prime p. If the order of N divides
|A||B|| Out N| then one of the following statements holds:

(1) {41, 1BI} = {eqlg — 1), (g + 1)} with e = (2,q— 1)~! and v = (2,q),

(2) g=4 or5 and {|A|,|B|} = {12,10} or {6, 10},

(3) ¢ =7 and {|A],|B|} = {21,24},

(4) g = 11 and {|A],|Bl} = {24,55},

(5) ¢ =23 and {|A|,|B|} = {23.11,24}.

LEMMA 2.5: Let N € 9 be a non-abelian composition factor of a finite group
G which is the product of two of its soluble subgroups. Then there exist maximal
soluble subgroups A and B of N such that the order of N divides |A||B|} Out N|
and one of the following conditions holds:

(1) N ~ U;(8) and {|4],|B|} = {19.3,25.7.3},

(2) N ~ L3(3) and {|A|,|B|} = {13.3,3%.2%},

(3)

(4) N ~ L3(8) and {|A|,|B|} = {73.3,25.72},

(5) N ~PSp,(3) and {|A|,|B|} = {2°.5,3%.24},

(6) N ~ L4(2) and {|A],|B|} = {2%.7.3,22.3.5},

(7) N ~ My, and {|A|,|B|} = {55,2*.3%},

(8) N =~ Ly(q) and {|A},|B|} is as in the preceding corollary.

Proof: The first statement follows from Lemma 2.5 of [6]. Now we will consider
the groups in 9 separately. In each case A and B are maximal subgroups of the
group N with the following property:

(%) The order of N divides |A||B}| Out N|.

(1) N = Us(8).
In this case the maximal soluble subgroup of N which contains an element
of order 19 has order 19.3 (see Lemma 5 of [8]). Hence we may assume that
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|A] = 19.3. Now 26.3%.7.19 divides 3.19.|B|.32.2. Therefore |B| = 0 mod 2°.7.3.
It is easy to see that Oz(B) # 1 and B is contained in a maximal parabolic
subgroup of N which coincides with its Borel subgroup (since N has Lie rank 1).
The assertion is proved.

(2) N ~ L3{3).

We may now assume that |4| = 13.3 (see Lemma 2 of [8]). Then |B| =
0 mod 32.2%. Tt is easy to see that B is a maximal parabolic subgroup of N and
its order is 33.2%.

(3) N =~ Ly(5).

Again by Lemma 2 of [8] we may assume that |A| = 31.3. By (x) 2%.5% divides
|B|. By Lemma 1.10 of [6] the subgroup B is contained in a parabolic subgroup
P of N. By considering the structure of the factor group P/Os(P) it is easy to
prove that B must have order 24.53.

(4) N ~ L3(8).

As in the first two cases we see that |A] = 73.3. Then 28.7% divides the order of
B by condition (x). By Lemma 1.10 of [6] the group B is contained in a parabolic
subgroup P of N. Considering the structure of the factor group P/O2(P) we can
show that B coincides with a Borel subgroup of N. This gives the required
statement.

(5) N ~ PSp,(3).

Without loss of generality we may assume that 5 divides |A|. It follows from
5.1.7 of [9] that the maximal subgroup X of N containing A is an extension of
an elementary abelian group of order 16 by As. By condition (x), 27 divides | B]
and B must be a parabolic subgroup of N of order 34.2*. The maximal soluble
subgroup of X which contains an element of order 5 has order 25.5.

(6) N =~ Ly(2).

Let 7 be a divisor of |A]. It is easy to see that |A| = 23.7.3 (as a soluble
subgroup of AGL(3,2) C GL4(2)) or |A| = 7.6. Since 2°.3%2.5.7 divides |A}|B|2,
then either 22.3.5 divides | B] or 2%.3.5 divides |B]. The second case is impossible
for a soluble subgroup B C L4(2) ~ Ag. The first case is realized with 22.3.56 =
|Al.

(1) N ~ M.

This is a consequence of the fact that all subgroups of the group My, are
known.

(8) N =~ Ly(q).

The required statement is already contained in Corollary 2.4.

(9) N ~ L3(7).
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Assume that such a group appears as a composition factor of a product of two
soluble groups. Then it follows from Lemma 2.5 of [6] that a group of type L3(7)
must contain soluble subgroups A and B having property (x). Using Lemma 2
of [8] we may assume that |A] = 19.3. Then 24.7° divides |B|. By Lemma 1.10
of [6] the subgroup B is contained in a parabolic subgroup P of a group N. The
Borel subgroup of a group N has order dividing 73.62. On the other hand, the
factor group P/O7(P) is an extension of a group of type L2(7) by a group of
order 12. It is easy to see that P does not contain a soluble subgroup of order
24.7%.m, where m > 1 is an integer. This is a contradiction.

This case can be excluded in a similar way as above.

COROLLARY 2.6: Let N € 91t be a simple group having maximal soluble sub-
groups A and B such that the order of N divides |A||B||Out N|. Then either
(|O(A)],|O(B)]) =1 or N ~ L3(3) and O(A)NnO(B) = 1.

3. Proof of the theorem

The proof of the theorem is divided into a series of steps. Assume that the
theorem is false, and let G = AB be a counterexample with minimal order,
where A and B are soluble subgroups of G.

LEMMA 3.1: The group G has a unique minimal normal subgroup N and the
maximal normal soluble subgroup S(G) of G is trivial. In particular Co(N) = 1.

Proof: Assume there exist two different minimal normal subgroups N and M
of G, and put K/M = O(G/M) and L/N = O(G/N). By the minimality of G
it follows obviously that O(A) N O(B) is contained in K N L = O(G), and this
contradiction shows that there exists a unique minimal normal subgroup N of G.

Assume that S = S(G) # 1. Then G/S = G = AB, where A = AS/S and
B = BS/S. Since G is a minimal counterexample, O(A) N O(B) C O(G) = 1.
Hence O(A) N O(B) C S(G). Put H = SA. If H = G, then G is a soluble
and Johnson's result in [5] implies that O(4) N O(B) C O(G). If H # G, then
H = A(HNnB) and O(A)NO(B) C O(AN(O(HNB)) C O(H) by the minimality
of G. Since O(A) NO(B) C S, then O(A) NO(B) C SNO(H) C O(S) C O(G),

a contradiction. Hence S = S(G) = 1, and the lemma is proved.
LEMMA 3.2: Let D = O(A) N O(B). Then Ng(D) = Nz(D)Ny(D).

Proof: This follows from {1}, Lemma 1.2.2.
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LEMMA 3.3: NA=NB=G= AB.

Proof: Assume that K = NA # G. Since D C ACK = /i(K N B) and
|K| < |G|, we have D C O(K). Then D C AC K = A(K N B). Since |K| < |G|
we have D C O(K). Then

[D,N] C O(K) AN C O(N) C0(G) = 1,

so that D C Cg(N) = 1, a contradiction. Hence K = NA = G. Similarly
NB =G = AB.
The next four results are number-theoretical.

LEMMA 3.4: Let m,n,k be positive integers such that m* divides n*k!. Then
m divides n.

Proof: Let p be any prime dividing m, and suppose that p does not divide n.
Then (p,n*) = 1 and p*|k!. This is impossible since the highest power of p not

dividing k! is p* where
k k k
v= =+ 5]+ < —.
p p p—1

An induction argument proves the lemma.
COROLLARY 3.5: If m* divides n®k! where s < k, then m divides n.

Proof: Since m* divides n®k!, it also divides n*k!. Now apply the preceding
lemma.

LEMMA 3.6: Ifn® " divides (sr)!, then s < (p—1)/(p—2) for any primep > 3
dividing n.

Proof: Let p > 3 be a divisor of n. Then as above

Hence s < (p—1)/(p—2).
COROLLARY 3.7: Ifp > 5 divides n in the preceding lemma, then s = 1.

LEMMA 3.8: Thegroup N = N1y x Ny x---x Ny, Is a product of isomorphic simple
groups N; and A, B and G act transitively on the set ) = {Ny,Nqg,..., N} If
X is a maximal subgroup of G containing A or B, then D is contained in O(X)
and one of the following conditions holds:
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(i) There exists a partition P of the set {1,2,...,k} into subsets of equal
cardinality # 1 such that NNX = [];.q Ay, where Ay is the full diagonal
subgroup of N with respect to the element f of B,

(i) NNX =[[5, Xi, where X; = N;N X ~ X, fori =1,2,... k.

Proof: The transitivity of 4, B and G on Q follows from Lemma 3.1 and Lemma
3.3. The last assertion follows from the Appendix in [2].

LEMMA 3.9: nF =|N|=|N|* divides | Out N;|*|A N N||B N N|k!.

Proof: By Lemma 3.3 we have
|A|B|/|An B = |G| = |4|IN|/|ANN| = |B|IN|/|IBN N|.

Then
|A||B|INI*|/|JAnN||BN N| = |GI* = |G||A||B|/|An B].

This implies
IN||JAN B| =|G: N||N n A||N n B|.

The set Gg of elements g in G such that NY = N; for every i € {1,2,...,k} is
a normal subgroup of G such that N is normal in Gy. Moreover, Gy C HLI K,
where N; C K; C Aut N;. Hence |N| divides |G/Go||Gp: NHNOAHNOB\. Since
G /Gy is a subgroup of the symmetric group Sy acting on (2, the lemma is proved.

In the following let A and B be maximal subgroups of G containing A and
B, respectively, and Gy is the set of all ¢ € G such that Nf = N, for every
1€4{1,2,...,k}.

LEMMA 3.10: If DN N # 1, then |Ny| divides [Ny N A|{{N1 N B{| Out V|, and
there exists a prime p in w(D) such that p € m(O(N; N B)) N m(O(N1 N A)).

Proof: Since DNN # 1, also O{A)NO(B)NN #1and DNN CO(A)NN C
O(ANN), DNN C O(B)NN C O(BNN). By Lemma 3.8 it follows that NN A =
Hle X;, where X; = NyNAwithi=1,2,...,k,and NNnB = Hi.;lYi where
Y; = (N;NB). Moreover, |[NNA| = |X;|*, INNB| = |Y1|* since A and B permute
the X; and Y7, respectively Moreover, O(ANN) = Hle O(N;NA) = Hle o(X;)
and O(N N B) 1_[1 L O(Y;). Hence (DN N) C n(0(X1)) N7(O(Y1)). By
Lemma 3.9, |N1|k divides |OutN1]’°|X1|’°|Y1|kk!. By Lemma 3.4, |N;| divides
| Out Ny || X4 [V,

LemMa 3.11: DNnN =1.
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Proof: Assume DN N # 1. Then |Ny| divides |Out N1||Ny N A||Ny N B,
and there exists a prime p in the set 7(D) N w(O(N; N A)) N 7(O(Ny N B)).
By Kazarin [6] N is one of the groups in M = {La(q),q > 3;Ls(g),q <
9; L4(2), M11,PSp4(3),Us(8)}. By Corollary 2.6, N1 ~ L3(3). However in this
case DN N = 1, since O(N; N A)NO(N; N B) =1 for each ¢ and | Out N;| = 2.
This leads to a contradiction.

LEMMA 3.12: IfO(A)NN # 1, then ANN = [[*_, X, where the X; = ANN;
are conjugate under A and 1 # O(X;) C O(A). If|X;| = 0 mod 2, then N = N;
for each d in D and each i =1,2,...,k.

Proof: By Lemma 3.8, either AN N is a direct product of subgroups isomorphic
to Njor ANN = Hle X; where the A N N; = X; are conjugate to X;. Since
O(A)NN C O(ANN) the first possibility is excluded and we are done. Suppose
that |X;| = 0 mod 2. Since [D,ANN] C [O(4),ANN]CO(A) NN CO(ANN)
then d~'g~'dg = [d, g] is of odd order for each element g in A N N. Suppose
that N # N; for some i and 7 is an involution of X;. Then N¢ = N; for
some j # i and 7¢ is an involution of N;, Since 797 is also an involution and
787 = [d, 7] € [0(A) N N, d], this is a contradiction.

LEMMA 3.13: Let M = M; X --- X M; be the product of isomorphic simple
groups, and let K be the full diagonal subgroup of M. If H N M; # 1 for each
i<t, then < H K >=M.

Proof: It is enough to prove that M; C< H,K > for each i < t. Without
loss of generality we may assume that ¢ = 2 and ¢ = 1. Then M = M; x K
and by Dedekind’s modular law we have L =< H, K >= (LN M;) x K. Each
element g in M can be written as (z,y) where z and y are in My and K =
{(z,2)|z € My}, My = {(z, )|z € My}. fu=(y,y) € K and z = (z,1) € My,
then 2% = (a¥,1) € M; for each y € M;. Since M; is a simple group and
LN M, #1 it follows that L N M; = My, so that L = M.

LEmMMA 3.14: If Ny ~ Ly(q) where q is an odd number, then |Go: N| is a power
of 2.

Proof: 1If this is not so there exists a section of G which is isomorphic to a group
of type I'(g).

LEmMMA 3.15: ANN#1#BnNN.

Proof: Assume that AN N = 1. By Lemma 3.9 we have that n* = [N| divides
|Out N1|¥|B N N|k!. By Lemma 3.8, either [B N N| = n® where k = sr or
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|BN N| = mF* where m = |[N; N B|. By assumption and the above table we have
| Outg(N;)| = 2238 for some « and 8. Let np be the {2,3}-part of n = |Ny|.
By Lemma 3.8, either n§"~* divides (sr)! or n* divides | Out N;|*mFk!. In the
first case using Lemma 3.6 we obtain that » < (p — 1)/(p — 2) for each prime p
in 7(ng) and r < 4/3 which implies r = 1, a contradiction to Lemma 3.6. In the
second case n divides | Out N1||N1 N B and |Ny: Ny N B| < | Out Ny|, which is
not the case for groups in the class 9.

LEMMA 3.16: Suppose that O(A)NN =1. Let {N;,,...,N;,} be the smallest
subset of Q such that AN(N;; X Ny, X---x N;,) # 1. Then there exists a partition
B of the set {1,2,...,k} into equal parts such that the subgroups V5 = [[.. ¢ N;
with f € B are permuted by A transitively and O(A) fixes each 7 ¢.

JEF

Proof: The hypothesis implies that [O(A4), ANN] C O(A)N N =1. Let Q; be
the set of elements N; in 2 such that N? = N; for each a in O(A). It is obvious
that QF = Q4 for each z in O(A) and, since A is transitive on €, then ©, is either
empty or 1 = Q. In this case O(A) C Gp. If N;N A # 1 for some i < k then
NFNN; > N;nA#1 for each a in O(A). Hence N = N; for each a in O(A).
Since A acts transitively on {2 we have that N} = N; for each j < k and each a
in O(A).
Let {Nj,,...,N;,} be the smallest subset of  such that

E=AN(Ny x---x N )#1.

Then E C (N2 x--x N2)N (N, x - x Nj,), which is a normal subgroup of N.
Hence we may suppose that there exists a smallest subset f of {i1,...,%5} such
that 75 = [[,¢; N is fixed by O(A). Since 75 N V7 is also fixed by O(A) for
each z in A and is normal in N, we have either Vs NV$ =1o0r vy NV = vy
for x in A. Since A acts transitively on Q the partition 8 with the required
properties exists.

LEMMA 3.17: O(A)NN #1o0r O(B)NN #1.
Proof: Suppose that O(A)N N =1=0(B)NN.

1. FRsT Case: NNA =[[;cuVyand NN B =[] 5V, for some par-
titions P and Q of the set {1,2,...,k}. Then |[N N A| = |N1|", where rs = k
and |N N B| = |Ny|!, where It = k. By Lemma 3.9 it follows that n* divides
| Out Nj|kFn+E!. Let | < 7. Then n™~?" divides | Out N;|*k!, where k = rs.
As above this implies that rs — 2r < rs/(p — 1) for every prime p > 5 such that
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p € w(N1) — {2,3}. Hence

1 -1
s{l—-——) <2 andso s<2 p=- .
p—1 p—2

Since p > 5 it follows that s < 2. In each case the subgroup D fixes each N;. Let
d # 1 be an element of prime order in D. It follows from a well-known theorem
of J. Thompson that Cn,(d) = C; # 1 for each i = 1,2,...,k. (Recall that NN A
is a product of full diagonal subgroups 7 with respect to the partition 9.)

Since Cn(d) contains the subgroup < NN A,C1,Cy,...,C > it follows from
Lemma 3.13 that Cn(d) > N and hence d = 1, a contradiction.

2. SECOND CASE: NNA=][;cuVyand NNB = Hi.c:l(N,- N B), where 5
is a full diagonal subgroup with respect to f and the V; N B are conjugate to
Ny N B.

Since O(A) NN =1 = O(B) N N we have in each case that [O(A), NN A] =
1 = [O(B),N 0\ B]. In this case also [D, NN A] = [D,Nn B] = 1. By Lemma
3.13 we see that Cg(N) contains D, and this leads to a contradiction.

3. THIRD CASE: NNA= Hle(Ni NA)and NNB = Hle(Ni N B), where
NNA~NnAand N;N B~ N{NB.

By Lemmas 3.9 and 3.4 it follows that |N;| divides | Out N1 ||N; N A||N, N B).
A case-by-case analysis of the groups N; in 91 and Lemma 2.5 shows that this
also leads to a contradiction.

LEMMA 3.18: |N1| divides |N1 0A||N1 OBH OutNll

Proof: Since O(B)N Ny # 1 or O(A)N Ny # 1 by Lemma 3.17, we may suppose
that O(B)N Ny # 1. In this case NN B = Hfﬂ(NiﬁB), where N;NB ~ NyNB
foreachi <k IfNNA= Hle(Ni N A), then by Lemmas 3.9 and 3.4 we are
done. Hence NN A # Hle(Ni N A). By Lemma 3.8 in this case there is a
partition B of the set {1,2,...,k} such that NN A = er‘li v, where 7 is
a full diagonal subgroup with respect to f. By Lemma 3.9 we have k = rs and
n® divides | Out Nq1|¥|Ny N Bl*n"k!. If |[N; N B| = 0 mod 2, then D fixes each
N; and, as in the proof of Lemma 3.17, we obtain a contradiction using Lemma
3.13. Therefore we may suppose that |[N; N Bl = 1 mod 2. If 2¢ is the highest
power of 2 dividing the order of Ny, then (2})"~" divides 2!%¥27°~! where 2' is
the highest power of 2 dividing | Out Ny|.

If Ny ~ Us(8) thent =6, =1 and 6(rs—r) < 2rs—1. Hence 4rs < 6r and so
s < 6/4 which leads to a contradiction. In a similar way one excludes the group
L4(2).
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If Ny ~ My thent = 4,1 =1 and 4(rs — r) < 2rs — 1, hence 2rs < 4r and
s < 2. In this case D C Gy and we obtain a contradiction as in the proof of
Lemma 3.17. In a similar way the groups PSp,(3) and L3(3) are excluded.

If N1 =~ L3(2), then (23.3.7)"*" divides 2"*|Ny N B|"*rs!. Hence 3(rs —r) <
2rs — 1 and so rs < 3r and s < 3, which also leads to a contradiction.

It remains to consider the groups Ly(q) with odd ¢. Since the only subgroup of
L(q) which is maximal in L,(q) and has odd order is a group of order g(g—1)/2
where ¢ = 3 mod 4, then (9;—1,q+ 1) =1 and (g+1)"*~" divides | Out N7 |57 (rs)!.
It is easy to see that this also leads to a contradiction.

LEMMA 3.19: D C Gy.

Proof: Assume that D € Gy. Let |N; N Al = 0 mod 2. Since [O(A), N N A} C
O(A)NN and has odd order, then if a is an element of O(A) and 7 is an involution
in N;NA we have that 7%7 has odd order. If (N;NA)* = N;NA (where I # j) then
7%7 has even order. Hence if |[N;NA| = 0 mod 2, then (N;NA)* = N;NA for each
ain O(A) and each i € {1,2,...,k}. Then N;NN? contains N;NA and N; = N?
for each ¢ € {1,2,...,k} and a in Gp. Now |N; N A| = 1 mod 2 and similarly
|N; N B| = 1 mod 2. Since by Lemma 3.18, | V| divides |N; N A[|N1 N Bf| Out N |
and N; N A and N; N B have both odd orders, then the order of a Sylow-2-
subgroup of G must divide the order of Out N;. It is easy to see that this is not
the case. Thus D must be contained in Gy.

LEMMA 3.20: There exists no counterexample.

If N, is one of the following groups: L4(2), M1, PSp,(3), L2(q), L3(3), L3(5),
then | Outg(N7)| is a power of 2. Therefore these groups cannot occur in N.
Note that in each case |Gy: N| divides | Outg(N)|F.

Therefore the remaining possibilities for Ny are: Us(8), L3(8).

Let, for instance, N7 ~ U3(8). Then it follows from Lemma 3.18 that ||
divides |[N1NA||N1NBJ| Out Ny|. It is well-known that the only maximal subgroup
of N, containing a subgroup of order 19 is a subgroup N1 N A of order 57. Hence
the other subgroup Ny N B must contain a Sylow-2-subgroup of order at least 2°.
It follows that it is contained in a Borel subgroup of N;. Since this subgroup is
2-closed and is contained in the normalizer of some non-trivial subgroup of odd
order, this leads to a contradiction (see, for example, (1.18) in [7]).

The other case is treated similarly. The theorem is proved.
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4. Examples

Let G = SL, (¢™) where ¢ is a prime power, m and ¢ are odd numbers. There
exists an automorphism ¢ of the field GF{(¢q™) of order m which maps an element
a € GF(q) onto o?. This automorphism induces an obvious automorphism of
the group G which maps every entry of a matrix in G onto its g-th power. Then
I=<¢>x G is a subgroup of the holomorph of the group G (we identify G
with its image).

Clearly the subgroup B of matrices whose first row consists of o and B and
whose second row is 0 and 1/a (where a € GF(¢™)* and 8 € GF(¢™)) is invariant
under < ¢ >. Hence there exists a subgroup B =< ¢ > x B of order qg™*(g™—1)m
Let G = G/Z(QG), where Z(QG) is the set {+I,—I}. Let ¢ = 3 mod 4. Then the
image of B in G is a subgroup B of order ¢™(¢™ — 1)/2; the image of B is a
subgroup H of odd order |B|m.

By the theorem of Dickson the group G contains a dihedral subgroup D of
order ¢™ + 1 (see Lemma 2.1). Obviously we have BD = G, since

migm _ 1
(quﬂ(qQ )):1

and the order of G is ¢™(¢?*™ — 1)/2. There exists a unique class of dihedral
subgroups of order ¢™ + 1 in G. Since G is normal in the group T’ = I'/Z(I),
an application of the Fraitini argument yields that T' = GNp{D) = BNr(D) =
HNr (D). Since Ng(D) = D, it follows that K = Np(D) is an extension of a
group D by a cyclic group of order m. This implies that K is a 2-nilpotent group
of order m(¢g™ + 1). Since I' = HK, where the order of T is m{¢™(¢*™ — 1))/2,
the order of H is m{g™(¢™ — 1))/2 and the order of K is m(¢™ + 1). Then the
order of HNK ism, H = O(H) and HN K = O(H) N O(K) is not contained in
o(T).
A similar example can be constructed if ¢ = 1 mod 4 and G ~ PGL{(2, q).
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