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ABSTRACT 

Let the finite group G = AB be the product of two soluble subgroups A 

and B, and let ~r be a set of primes. We investigate under which conditions 

for the maximal normal 1r-subgroups of A, B and G the following holds: 

o~(a) n O~(a) C_ O~(a). 

1. In t roduc t ion  

A result of Johnson [5] says that for every finite soluble group G = AB which 

is the product of two subgroups A and B and for every set of primes ~r, the 

maximal normal 7r-subgroups satisfy Or(A) N Or(B) C_ O~(G). It is natural to 

ask whether this extends to arbitrary finite products of groups and, in particular, 

to products of finite soluble groups. 
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Some examples which show that  this question has a negative answer in general 

will be given in the last section. Groups of the following type turn out to be 

crucial. 

A group G is said to be of type F(q) if there exists a power q = p m  of some odd 

prime p such that  G is a subgroup of the group PFL2(q) and G contains a normal 

subgroup isomorphic to L2(q) such that  the index m = IG: L2(q)l - 1 mod 2. 

THEOREM 1.1: Let the finite group G = A B  be the product of  two soluble 

subgroups A and B.  I f  G does not involve any section of  type F(q) for odd 

numbers m and q, then for the maximal normal subgroups of  order we have 

O(A) N O(B)  c_ O(G). 

COROLLARY 1.2: / f  the finite group G = A B  is the product of two soluble 

subgroups A and B and i f  no section of type F(q) /'or odd numbers m and q 

is involved in G, then O~(A) N Or(B)  c C_ O~(G) for every set of  primes zr not 

containing the prime 2. 

We will frequently use a result of Kazarin [6] by which the groups that  can occur 

as non-abelian composition factors of a product of two finite soluble subgroups 

are known. 

The notation is standard and can be found, for instance, in [3]. PFL2(q) 

denotes the automorphism group of L2(q) = PSL(2, q). All groups considered 

are finite. 

2. P r e l i m i n a r i e s  

By Kazarin [6], the groups which may occur as composition factors of a product  

of two finite soluble groups are contained in the following set: 

ffYt = {L2(q), q > 3; L3(q), q < 9; L4(2), M n ,  PSP4(3 ), U3(8)}. 

The following table contains relevant information on the orders of these groups 

and their outer automorphism groups. 



Vol. 106, 1998 ON FINITE PRODUCTS OF SOLUBLE GROUPS 95 

Group G Order of G [ Out G[ 

U3(8) 19.34.7.26 2.32 
PSp4(3 ) 26.34.5 2 

L4(2) 26.32.5.7 2 
Mix 24.32.5.11 1 

L3(7) 25.32.73.19 2.3 
L3(3) 33.24.13 2 
L3(4) 26.32.5.7 22.3 
L3(5) 25.3.53.31 2 
L3(8) 29.32.72.73 2.3 

L 2 ( q ) , q = p n  c q ( q 2 _ l ) , e = ( p _ l , 2 )  -1 e - i n  

We recall the following well-known result of Dickson which can be found, for 

instance, in [3], II, 8.27. 

LEMMA 2.1: Let H be a max ima l  subgroup of the s imple  group X ~- L2(q), 

where  q = pn for a p r i m e  p. Then  one o f  the  following condit ions holds: 

(1) H -~ Din, a dihedral group o f  order m = (q :k 1)e with  e = (q - 1, 2) -x, 

(2) H ~- A4 or $4, 

(3) H ~- A5 for p = h or p2n - l _-- O mod  5, 

(4) H ~- E >~ C,  where E is an e tementary-abel ian group o f  order p~ and C is 

a cyclic group o f  order e(q - 1), 

(5) H ~- L2(p s) where  s divides n, or H ~_ PGL2(p s) where 2s divides n. 

Lemma 2.1 has the following consequence. Note that  the second statement 

becomes false when the prime r is not odd. 

LEMMA 2.2: A11 local subgroups o f  a s imple  group X ~- L2(q) are soluble. 

Furthermore ,  i f  r is an odd pr ime  and Y and T are m ax im a l  r-local subgroups  

o f  X ,  then Y and T are conjugate  in X .  

The next result generalizes a theorem of I-t6 [4] on the factorizations of the 
linear fractional groups. 

LEMMA 2.3: Le t  A and B be max ima l  subgroups  of a s imple  group N ~" L2(q),  

where  q = p'~ for a p r i m e  p. I f  the  order o f  N divides [ALIBI[ Out N[, then  one o f  

the fol lowing condit ions holds: 

(1) q = 4 or 5, and {[A[, ]BI} = {12, 10} or {6,10}, 

(2) q = 7, {IAI, IB[} = {21,24}, 

(3) q = 9, {[ml, [B[} = {10,36},  {24,60},  {36,60} or {60,60}, 
(4) q = 11, {]AI,]B]} = {12,55} or {55,60}, 

(5) q = 19, {Ial, [BI} = {19.9,60} or {19.9,20}, 
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(6) q = 29, {IAI, IBP} : {29.14, 60} or {29.14, 30}, 

(7) q = 59, {]A[,tB]} = {59.29,60}, 

(8) q = 119, {IA], IBi} = {119.59, 60} or {119.59,120}, 

(9) {tAt, IBI} = {eq(q - 1), u(q + 1)} where e = (2, q - 1) -1 ,  u = (2, q), and the 

subgroup of order u(q + 1) is dihedral, 

(10) q ---- 23, {[d[, ]B[} = {23.11, 24}, 

(11) q = 16, {IAI, IB[} = {16.15, 2.17} or {60, 34}. 

Here - -  with the exeption of ease (7) - -  every subgroup of order 60 is a group 

of type L2(4). 

Proo£" Set c = ( p -  1, 2) -1.  Then  

(,) IN I = epn(p2n _ 1) divides IAtlBI2n, 

and it is easy to see tha t  ]A][BI =_ 0 m o d p .  Hence we m a y  assume tha t  IA] = 

0 rood p. 

If A - A4, then  the  maximal i ty  of A implies tha t  the Sylow-2-subgroup of N 

is a four-group.  If q is even, then  q = 4 and N "~ A5 ~- L2(4) ~- L2(5). Therefore  

the  first s t a t emen t  holds. 

Let p = 3. Since INI <_ IAIIB[2n, we have tha t  IN: B I < 241ogaq. Now it 

follows easily f rom L e m m a  2.1 tha t  IN: B I >_ q for each proper  subgroup  B of 

the  group N -~ L2(q) with q > 9. Hence q _< 241og3q. Using condit ion ( . )  and 

L e m m a  2.1 this possibil i ty can be excluded (q < 34). 

Let  A ~- $4. Then  q - -  l m o d 2 .  H e n c e p  = 3. By (*) we see t ha t  INI < 

IAI[BI2n and q _< IN: B I _< 481og 3 q. Then  q <_ 34. A case-by-case analysis using 

L e m m a  2.1 and condit ion (*) gives q = 9 and {IAI, IBI} = {24, 60}. 

Assume fur ther  t ha t  A ~- As, I f p  = 2 then  q < IN: B I < 601og2 q and q < 29. 

A case-by-case analysis shows tha t  the only possibili ty in this case is q -= 24 and 

IBI = 34. Note  t ha t  here a group L = PFL2(16) has the  interesting factor izat ion 

L = U V w i t h U N N = A ,  V N N = B a n d U N V = I .  We also h a v e l A l = 6 0  

and I BI = 34. 

L e t p  = 3. Then  q _< 120log 3q and q < 36 . I t  is easy to see t ha t  in this 

case q = 9 and B is a max imal  subgroup whose order is divisible by 3. Hence 

{IAI, ]B]} = {60, 36}, {60, 60}, {60, 24}. 

Assume next  t ha t  p = 5. Then  q < 1201og 5 q and q < 53. Using L e m m a  2.1 

and condit ion (*) we obta in  a contradict ion.  

Now we m a y  suppose tha t  IAI = q ( q -  1)e or IA[ = pS(p28_ 1)~, where s divides 

n or IAI -- pS(p28 _ 1) with 2s dividing n. In this case s < n/2  and IBI -= 0 m o d  p. 
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Since the  cases A4, A5 and $4 were considered above we may  suppose  t ha t  IB[ 

d ivides  pt(p2t _ 1), where t d ivides  n or [B I = q(q - 1)e. 

Let  [t3[ be  a divisor  o f p t ( p  2t - 1) wi th  t < n. Then  

(**) epn(p 2n - 1) divides  pS(p2S _ 1)pt(p2t _ 1)n# wi th  # = (2 ,p  - 1). 

If n = p:~r with  (r ,p)  = 1, then  n < s + t + A where A _< logp n. 

If s , t  <_ n / 3  then  n = p = 3. Using condi t ions  (*) and  (**) we ob t a in  a 

con t rad ic t ion  by L e m m a  2.1. Hence we may  assume tha t  s = n / 2 .  If  t <_ n / 3  

t hen  n = 6 and  c(p 12 - 1) divides  (p6 _ 1)(p4 _ 1).12. I t  is not  difficult to  see 

t ha t  th is  is impossible .  Hence t = n / 2  and c p 2 t ( p  4t --  1) divides  p2t(p2t _ 1)22tp. 

This  leads to  the  following: 

p2t -k- 1 divides (p2t _ 1)8t. 

If p =  2 then  2 2 t + l d i v i d e s  ( 2 2 t - 1 ) t .  However, ( 2 2 t + 1 , 2 2 t - 1 )  = l a n d  

22r~ + 1 d ivides  m,  a contradic t ion .  

I f p  7~ 2 then  it is easy. to  see t ha t  (p2t _~_ 1,4) = 2 and (p2t _ 1,p2t -t- 1) = 2. 

Hence p2t + 1 divides  2t which also gives a contradic t ion .  

Now we m a y  assume t h a t  in each case ]A I = eq(q - 1). Then  

q + 1 divides  IBlnp ,  where # = (p - 1, 2). 

If B is as in L e m m a  2.1.5, then  pm~ + 1 divides  (p2S _ 1)2ms.  

If  m = 2, then  (pros + 1,p28 _ 1) = 2 and p'~S + 1 divides  4 m s .  Then  m s  < 4 

and  it  is easy to  see t ha t  this  is not  the  case. If m > 2, then p ( m - 2 ) s  < 2 m s  and  

(m - 2)s < 5. I t  is not  difficult to show tha t  this  con t rad ic t s  condi t ion  ( . ) .  

Hence e i ther  1BI = (q + 1)# wi th  # = ( 2 , p -  1) or tBt E {12,24,60}.  

Let  ]B] = 12. Then  q + 1 divides  24n and n < 7. If p = 2, t hen  even 2 n -I- 1 

d i v i d e s 3 n  a n d n =  3. Now [B I = ( q + 1 ) 2  = 18 and  {IA[,[B[} is as in (9). If 

p = 3 then  n < 4, and  it is easy to see t ha t  this  is imposs ib le  by L e m m a  2.1 

and  condi t ion  (* * *). If p = 5 then  n <_ 2, and  it follows t ha t  N ~_ L2(5) and 

{IAt, IBI} = {10,6} or {10, 12}. I f p  > 7 then  n = 1 and  p +  1 divides  24, so t h a t  

p < 2 3 .  

Let  IB[ = 24. Then  q + 1 divides  48n. As above  it follows t h a t  n < 8 and,  

if p = 2, then  q = 8. I f p  = 3 then q <_ 4, which is not  the  case. If  p = 5 then  

q _< 53. I t  is not  difficult to  see t ha t  th is  also leads to  a cont radic t ion .  If p > 7, 

t hen  n = 1 and  p + 1 _< 48 implies  tha t  e i ther  {[A[, IB[} = {eq(q - 1), u(q + 1)} 

o r q = 7 o r 1 1 .  
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Finally, let [BI = 60. Then  q + 1 divides 120n. If q is even then  q + 1 divides 

15n. I t  is easy to show tha t  this leads to a contradiction.  Hence q is odd. If  

p = 3, then n < 4. An easy calculation excludes this case. (An except ion is 

q = 9 and {IAI, IB[} = {36,60}.) If p = 7 then  we also obta in  a contradict ion.  

I f p  = 11 also q = 11 and {IAI, IBI} = {55,60}. The  cases p = 13 or 17 do not  

occur.  I f p  = 19 then q = 19 and {IAt, IBI} = {19.9,60}. I f p  > 19 then  q = p 

and  q = 19, 29, 59, 119. 

Hence in all cases we have IBI = (q + 1)~ with u = (2,p) as s ta ted  in (9). 

COROLLARY 2,4: Let A and B be two maximal soluble subgroups of  a simple 

group N = L2(q) with q = pn for some prime p. I f  the order of N divides 

[A[[B[[ Out  N[ then one of the following statements holds: 

(1) {]AI,IBI} = { e q ( q -  1) ,v(q + 1)} with e = (2, q -  1) -1 and v = (2, q), 

(2) q = 4 or  5 and {[A[, [B]} = {12, 10} or {6, 10}, 

(3) q = 7 and {IAI, IBI} -- {21, 24},  
(4) q = 11 and  {IAI, IBI} = {24,55}, 

(5) q = 23 and {[A[, ]B[} = {23.11,24}. 

LEMMA 2.5: Let N E 92I be a non-abelian composition factor  of a finite group 

G which is the product of two of  its soluble subgroups. Then there exist m a x i m a /  

soluble subgroups A and B o f N  such tha t  the order  of N divides IAIrBIr Out NI 
and one of  the following conditions holds: 

(1) N "-' U3(8) and {[A], IB[} = {19.3, 26.7.3}, 
(2) N -- L3(3) and {IAI, IBI} = {13.3,33.24}, 

(3) N -~ L3(5) and {[A[, [B[} = {31.3,24.53}, 

(4) N -~ L3(8) and  {[A h ]BI} = {73.3, 2%72}, 

(5) N ~- PSp4(3 ) and {IAI, IBI} = {25.5, 34.24}, 

(6) g -~ L4(2) and {[AI, IBI} -- {23.7.3,22.3.5}, 

(7) g ~_ M l l  and {Idl,  IBI} = {55,24.32}, 

(8) g ~- n2(q) and {IAI, [B[} is as in the preceding corollary. 

Proof: The  first s t a t ement  follows from L e m m a  2.5 of [6]. Now we will consider 

the  groups in 9)I separately.  In each case A and B are max imal  subgroups  of the  

group  N with  the  following proper ty:  

(,) The  order of N divides IAIIBII Out  N]. 

(1) N ~ U3(8). 

In  this case the  max imal  soluble subgroup  of N which contains  an e lement  

of order  19 has order  19.3 (see L e m m a  5 of [8]). Hence we may  assume tha t  
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]A I = 19.3. Now 26.34.7.19 divides 3.19.[B].32.2. Therefore ]B] - 0 rood 25.7.3. 

It is easy to see that  O2(B) # 1 and B is contained in a maximal parabolic 

subgroup of N which coincides with its Borel subgroup (since N has Lie rank 1). 

The assertion is proved. 

(2) g ~ L3(3). 

We may now assume that  IAI = 13.3 (see Lemma 2 of [8]). Then IBI -- 

0 mod 32.24. It is easy to see that  B is a maximal parabolic subgroup of N and 

its order is 33.24 . 

(3) N ~_ L3(5). 

Again by Lemma 2 of [8] we may assume that [A I = 31.3. By (*) 24.53 divides 

IBt. By Lemma 1.10 of [6] the subgroup B is contained in a parabolic subgroup 

P of N. By considering the structure of the factor group P/O5(P) it is easy to 

prove that  B must have order 24.53. 

(4) N _~ L3(8). 

As in the first two cases we see that ]A I = 73.3. Then 2s.72 divides the order of 

B by condition (*). By Lemma 1.10 of [6] the group B is contained in a parabolic 

subgroup P of N. Considering the structure of the factor group P/02 (P) we can 

show that  B coincides with a Borel subgroup of N. This gives the required 

statement. 

(5) N ___ PSP4(3 ). 

Without  loss of generality we may assume that 5 divides [A[. It follows from 

5.1.7 of [9] that  the maximal subgroup X of N containing A is an extension of 

an elementary abelian group of order 16 by A5. By condition (*), 27 divides 1BI 

and B must be a parabolic subgroup of N of order 34.24. The maximal soluble 

subgroup of X which contains an element of order 5 has order 25.5. 

(6) N _~ L4(2). 

Let 7 be a divisor of [A]. It is easy to see that  ]A I = 23.7.3 (as a soluble 

subgroup of AGL(3,2) C GL4(2)) or ]A I = 7.6. Since 26.32.5.7 divides ]AI[BI2 , 
then either 22.3.5 divides IB1 or 24.3.5 divides [B I. The second case is impossible 

for a soluble subgroup B C_ L4(2) -~ As. The first case is realized with 22.3.5 = 

IAI. 
(7) N Mll. 
This is a consequence of the fact that all subgroups of the group Mll  are 

known. 

(8) N -~ n2(q). 

The required statement is already contained in Corollary 2.4. 

(9) N ~- L3(7). 
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Assume that such a group appears as a composition factor of a product of two 

soluble groups. Then it follows from Lemma 2.5 of [6] that a group of type L3(7) 

must contain soluble subgroups A and B having property (.). Using Lemma 2 

of [8] we may assume that [A[ = 19.3. Then 24.73 divides IBI. By Lemma 1.10 

of [6] the subgroup B is contained in a parabolic subgroup P of a group N. The 

Borel subgroup of a group N has order dividing 73.62. On the other hand, the 

factor group P/OT(P) is an extension of a group of type L2(7) by a group of 

order 12. It is easy to see that P does not contain a soluble subgroup of order 

24.73.m, where m > 1 is an integer. This is a contradiction. 

(10) N -~ L3(4). 

This case can be excluded in a similar way as above. 

COROLLARY 2.6: Let N C 93I be a simple group having maximal soluble sub- 

groups A and B such that the order of N divides [AI[B H Out N I. Then either 

(IO(A)I, IO(B)I) = 1 or N -- L3(3) and O(A) Fl O(B) -- 1. 

3. P r o o f  o f  t h e  t h e o r e m  

The proof of the theorem is divided into a series of steps. Assume that the 

theorem is false, and let G -- A[3 be a counterexample with minimal order, 

where A and [3 are soluble subgroups of G. 

LEMMA 3.1: The group G has a unique minimal normal subgroup N and the 

maximal normal soluble subgroup S(G) of G is trivial In particular CG(N) = 1. 

Proo~ Assume there exist two different minimal normal subgroups N and M 

of G, and put K / M  -- O(G/M) and L / N  = O(G/N).  By the minimality of G 

it follows obviously that  O(A) n O(B) is contained in K n L -~ O(G), and this 

contradiction shows that there exists a unique minimal normal subgroup N of G. 

Assume that S - -  S(G) ~ 1. T h e n G / S =  G = A/~, whereA = 4 S / S a n d  

= [3S/S. Since G is a minimal counterexample, O(fi~) n O(/~) C_ O(G) -- 1. 

Hence O(A) GO([3) C_ S(G). Put  H = SA. I f H  -- G, then G is a soluble 

and Johnson's result in [5] implies that 0 ( 4 )  n 0([3) C_ O(G). If H ~ G, then 

H = A(HN/~) and O(A)NO([3) C_ O(4)N(O(HN[3)) C_ O(H) by the minimality 

of G. Since 0 ( 4 )  N 0([3) C S, then 0 ( 4 )  n O([3) C S n O(H) C O(S) C_ O(G), 

a contradiction. Hence S = S(G) = 1, and the lemma is proved. 

LEMMA 3.2: Let D = O(fi) N 0([3). Then No(D) = NA(D)N[~(D). 

Proof: This follows from [1], Lemma 1.2.2. 
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LEMMA 3 . 3 : N , 4  = N/~ = G = A/~. 

Proof." Assume tha t  K = N A  ¢ G. Since D C_ A C K = A ( K N / 3 )  and 

IKI < IGI, we have D C O(K).  Then D C ,4 C K = A ( K  N/~). Since IKI < IGI 

we have D C O(K).  Then  

[D,N] C_ O(K) N N  C O(N) C O(G) = 1, 

so tha t  D C C c ( N )  = 1, a contradiction. Hence K = N A  = G. Similarly 

N/~ = G = 4t}.  

The  next  four results are number-theoretical .  

LEMMA 3.4: Let re,n, k be positive integers such that m k divides nkk!. Then 

m divides n. 

Proof: Let p be any prime dividing m, and suppose tha t  p does not  divide n. 

Then  (p, n k) = 1 and pklk!. This is impossible since the highest power of p not 

dividing k! is pV where 

~ =  + + . . - < - - .  
p - 1  

An induct ion argument  proves the lemma. 

COROLLARY 3.5: I f  m k divides nSk! where s <__ k, then m divides n. 

Proof: Since m k divides nSk!, it also divides nkk!. Now apply the preceding 

lemma. 

LEMMA 3.6: I f  n ~ - r  divides (sr)!, then s <_ ( p -  1 ) / ( p - 2 )  for any prime p >_ 3 

dividing n. 

Proof: Let p > 3 be a divisor of n. Then  as above 

~ q -  8r-k... sr p . . . .  <_pp ~ <_ p,---1. 

Hence s _< (p - 1) / (p  - 2). 

COROLLARY 3.7: I f  p >_ 5 divides n in the preceding/emma, then s = 1. 

LEMMA 3.8: Thegroup N = Nl  × N 2 x . . - x N k  isaproductof isomorphics imple  

groups Ni and A, B and G act transitively on the set f~ = {N1, N 2 , . . . ,  Nk}. I f  

X is a maximal subgroup of G containing 7t or [~, then D is contained in O(X)  

and one of the following conditions holds: 
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(i) There exists a partition q3 of the set {1 ,2 , . . . , k}  into subsets of equal 
cardinality ~ 1 such that N AX = I-Iye~ A/ ,  where Ay is the full diagonal 
subgroup of N with respect to the element f of q3, 

k (ii) N n X = [Ii=i Xi, where Xi =/Vz A X -~ X~ for i = 1, 2 , . . . ,  k. 

Proof: The transitivity of A,/3 and G on ~t follows from Lemma 3.1 and Lemma 

3.3. The last assertion follows from the Appendix in [2]. 

LEMMA 3.9: n k = IN I = INll k divides IOutNllk l f lAg[[[3NNIk! .  

Proof'. By Lemma 3.3 we have 

IAIBI/IA n BI = IGI = IAIINI/IA n NI = I-DIINI/IB n NI. 

Then 

IAII.blINlel/ IA n NII/~ n NI - -  ICl 2 -- IClIAII-bl/IA n ,hi. 

This implies 

IN]},4 N/3} = ]G: g}]N fh ,4]IN r~/3]. 

The set Go of elements g in G such that  N~ = Ni for every i E {1, 2 , . . . ,  k} is 
k a normal subgroup of G such that N is normal in G0. Moreover, Go C l-[i=1 Ki 

where N~ C_ K~ C_ Aut N~. Hence [N[ divides IG/GoHGo: NIINnAIINn[~ I. Since 
G/Go is a subgroup of the symmetric group Sk acting on ~, the lemma is proved. 

In the following let A and B be maximal subgroups of G containing A and 

/~, respectively, and Go is the set of all g E G such that N~ = Ni for every 

i e { 1 , 2 , . . . ,  k } .  

LEMMA 3 . 1 0 :  I f O  A N ~ 1, then [NI[ divides IN1 N AIIN 1 N B][Out N1], and 

there exists a prime p in It(D) such that p E Ir( O( N1 N B) ) N 7r( O( g l  N A ) ). 

Proof: S i n c e D A N # l ,  alsoO(A) N O ( B ) n Y ¢ l a n d D N N C O ( A ) N N C _  

O(ANN),  D a N  C_ O(B)NN C_ O(BNN).  By Lemma 3.8 it follows that  N N A  = 
k k 

l-li=l Xi, where Xi = Ni N A with i = 1 ,2 , . . . ,  k, and N R B = l-li=l Yi where 
Yi = (NinB) .  Moreover, ] g n A  I = IXll k, ]NRB[ = IYll k since A and S permute 

the Xi and Yi, respectively. Moreover, O(AAN) k = = H~=~ o(x~) l-L=10(NinA) k 
and o ( g  n B) = 1-1~_10(Yi). Hence ~r(D N N) C_ ~r(O(Xx)) N 7r(O(Y1)). By 

Lemma 3.9, IN1] k divides ]Outgllk]Xllk]Yllkk!. By Lemma 3.4, IN1] divides 

I Out N~IIXIIIYll. 

LEMMA 3.11: D N N = 1. 
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Proof: Assume D N N ~ 1. Then  INll divides I O u t N l l i N 1  n AIINI n BI, 

and there exists a prime p in the set ~(D)  N 7f(O(N1 N A)) n 7~(0(N1 N B)). 

By Kazar in  [6] N1 is one of the groups in ~ = {L2(q),q ~_ 3;L3(q),q < 

9; L4(2), Ml l ,  PSP4(3), U3(8)}. By Corollary 2.6, N1 -~ L3(3). However in this 

case D n N -- 1, since O(Ni n A) n O(Ni n B) = 1 for each i and ] Out  Nil  -- 2. 

This leads to a contradict ion.  

k LEMMA 3.12:  I fO(A)  N N  ¢ I, t h e n A n N = [ L = l X i  w h e r e t h e X i = A n N i  

are conjugate under A and 1% O(X~) C O(A). IflX~ ] - 0 mod 2, then N d = N~ 

for each d in D and each i = 1, 2 , . . . ,  k. 

Proof: By L e m m a  3.8, either AN N is a direct p roduc t  of subgroups isomorphic 
k 

to  N1 or A N N = 1-Ii=1 Xi where the A n Ni = Xi are conjugate  to X1. Since 

O(A) n N C_ O(A N N)  the first possibility is excluded and we are done. Suppose 

tha t  IXil _-- 0 mod  2. Since [D, A N N] C [O(A), A N N] C_ O(A) N N C_ O(A N N)  

then d - l g - l d g  -- [d,g] is of odd order for each element g in A N N.  Suppose 

tha t  N d ~ Ni for some i and ~- is an involution of Xi. Then  N d = Nj for 

some j ~ i and T d is an involution of N/ ,  Since 7dT is also an involution and 

TdT : [d, T] E [O(A) N N, d], this is a contradiction. 

LEMMA 3.13: Let M = M1 × "" × Mt be the product of isomorphic simple 

groups, and let K be the full diagonal subgroup of  M.  H H N M~ ~ 1 for each 

i <_ t, then < H , K  >:- M.  

Proof: It  is enough to prove tha t  M~ C <  H , K  > for each i _< t. Wi thou t  

loss of generali ty we may  assume tha t  t = 2 and i -- 1. Then  M - -  M1 >4 K 

and by Dedekind 's  modular  law we have L - -<  H, K > =  (L n M1) >~ K.  Each 

element g in M can be wri t ten as (x, y) where x and y are in M~ and K = 

{ (x ,x ) ix  E M1}, M1 = {(x, 1)Ix C M1}. I f u  = (y ,y)  E K and z = (x, 1) E M1, 

then z ~ -- (x y,1) E M1 for each y E M1. Since M1 is a simple group and 

L n M1 ~ 1 it follows tha t  L N M1 -- M1, so tha t  L -- M.  

LEMMA 3.14: If  N1 ~- L2(q) where q is an odd number, then [Go: N[ is a power 

of 2. 

Proof: If  this is not  so there exists a section of G which is isomorphic to a group 

of type  F(q). 

LEMMA 3.15: A N N ~ I ~ B N N .  

Proof." Assume tha t  A N N = 1. By Lemma 3.9 we have tha t  n k = IN] divides 

I O u t N l l k l  B N Nlk!. By L e m m a  3.8, either [B N NI = n s where k = sr or 
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I B n N I = m k where m = ]N~ N B I. By assumption and the above table we have 

IOutG(Ni)l = 2a3 ~ for some (~ and j3. Let no be the {2,3}'-part  of n = INll. 

By Lemma 3.8, either n~ r-~ divides (sr)! or n k divides I Out N~lkmkk!. In the 

first case using Lemma 3.6 we obtain that  r _< (2 - 1)/( 2 - 2) for each prime p 

in ~r(n0) and r _< 4/3 which implies r = 1, a contradiction to Lemma 3.6. In the 

second case n divides I Out  N, IIN1 N B I and IN1:N1 N B[ _~ I Ou tNl l ,  which is 

not the case for groups in the class 9Jr. 

LEMMA 3.16: Suppose that  O(A) N N = 1. Let { N ~ , . . .  ,N~.} be the smallest 

subset of f~ such that A n (Ni, × N~ 2 ×. . .  x Ni~) ¢ 1. Then there exists a partition 

~3 of the set {1, 2 , . . . ,  h} into equal parts such that the subgroups V f  = H i e s  Nj 

with f E ~3 are permuted by A transitively and O(A) fixes each ~75. 

Proo~ The hypothesis implies that  [O(A), A n N] C_ O(A) n N = 1. Let fll  be 

the set of elements Ni in ~ such that  N~ = Ni for each a in O(A). I t  is obvious 

that  f ~  = Ftl for each x in O(A) and, since A is transitive on fl, then ~tl is either 

empty or ~tl = ft. In this case O(A) G Go. If Ni n A ~ 1 for some i < k then 

N~ N AT/ > Ni N A ~ 1 for each a in O(A). Hence N a = Ni for each a in O(A). 

Since A acts transitively on ~ we have that  Ny -- Nj for each j ~ k and each a 

in O(A).  

Let {Ni~ , . . . ,  Ni. } be the smallest subset of f~ such that  

E=AA(Ni, x . - .  x N i ~ )  :# 1. 

Then E C (N~ x . . .  x N~)  n (Nil x . . .  x Ni~), which is a normal subgroup of N.  

Hence we may suppose that  there exists a smallest subset f of { i l , . . . ,  is} such 

that  VS = 1-Ijes Nj is fixed by O(A). Since US N V~ is also fixed by O(A) for 

each x in A and is normal in N, we have either US n Vy = 1 or US N V~ = V f  

for x in A. Since A acts transitively on ~ the partition ~ with the required 

properties exists. 

LEMMA 3.17: O(A) N N ¢ 1 or O(B) N N ¢ 1. 

Proof'. Suppose that  O(A) n N = 1 = O(B) n N.  

1. FIaST CASE: N N A : H f e v  u s  and N N B = H g e £  v g  for some par- 

titions ~3 and ~ of the set {1 ,2 , . . .  ,k}. Then IN n A[ --= IN1[ r, where rs  = k 

and IN n B] = IN1[ z, where l$ ---- k. By Lemma 3.9 it follows that  n k divides 

[OutNllkn~+~k!. Let I _< r. Then n r~-2~ divides tOutNl lkk! ,  where k = rs. 

As above this implies that  rs - 2r < rs / (p  - 1) for every prime p >_ 5 such that  
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p E 7r(N1) - (2, 3}. Hence 

( 1/ 
s 1 - < 2  

p 1 
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and so s < 2  p - 1  
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Since p _> 5 it follows that  s _< 2. In each case the subgroup D fixes each Ni. Let 

d ~ 1 be an element of prime order in D. It follows from a well-known theorem 

of J. Thompson that  CN~ (d) = Ci ¢ 1 for each i = 1, 2 , . . . ,  k. (Recall that  N N A  

is a product  of full diagonal subgroups V I  with respect to the partition q3.) 

Since CN(d) contains the subgroup < N n A, C1, C2,. . . ,  Ck > it follows from 

Lemma 3.13 that  CN(d) >_ N and hence d = 1, a contradiction. 

k N 2. SECOND CASE: N N A = [ I f e q 3 v f a n d N N B = [ I i = l (  i n B), where v /  

is a full diagonal subgroup with respect to f and the Ni n B are conjugate to 

N1 NB.  

Since O(A) N N = 1 = O(B) n N we have in each case that  [O(A), N n A] = 

1 = [O(B) ,N  N B]. In this case also [D ,N  n A] = [D ,N  n B] = 1. By Lemma 

3.13 we see that  Co(N)  contains D, and this leads to a contradiction. 

k k N 3. THIRD CASE: N N A =  [ I i = l ( N i n A )  a n d N n B  = r l i = l (  i N B ) , w h e r e  

N~ N A  ~- N1 NA and Ni N B  _~ N 1 Q B .  

By Lemmas 3.9 and 3.4 it follows that  IN1] divides I Out NIlIN1 n AI]N1 N B I. 
A case-by-case analysis of the groups N1 in 9Y~ and Lemma 2.5 shows that  this 

also leads to a contradiction. 

LEMMA 3.18: IN1[ divides IN1 NAIIN1 N B l l O u t N l [  

Proof'. Since O(B) AN1 ~ 1 or O(A) AN1 ~ 1 by Lemma 3.17, we may suppose 
k N that  O(B)NN1 # 1. In this case N A B  = 1-[~=1( jAB),  where N~NB ~_ N I N B  

k 
for each i < k. If N N A = [ I i= l (Ni  N A), then by Lemmas 3.9 and 3.4 we are 

done. Hence N n A ~ 1-[~-1 (Ni n A). By Lemma 3.8 in this case there is a 

parti t ion q3 of the set {1, 2 , . . . ,  k} such that  N N A = l-Ifeq3 V I ,  where V I  is 

a full diagonal subgroup with respect to f .  By Lemma 3.9 we have k = rs and 

n k divides [OutNllklN1 n B[knrk!. If IN1 n B] ---- 0 mod 2, then D fixes each 

Ni and, as in the proof of Lemma 3.17, we obtain a contradiction using Lemma 

3.13. Therefore we may suppose that  IN1 n B] = 1 mod 2. If 2 t is the highest 

power of 2 dividing the order of N1, then (2 t) . . . .  divides 21k2 rs-1 where 2 z is 

the highest power of 2 dividing ! Out Nil. 

If  N1 ~ U3(8) then t = 6, l = 1 and 6 ( r s - r )  <_ 2 r s - 1 .  Hence 4rs <_ 6r and so 

s <_ 6/4 which leads to a contradiction. In a similar way one excludes the group 
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If N1 ~ MI~ then t -- 4,1 = 1 and 4(rs - r) < 2rs - 1, hence 2rs < 4r and 

s < 2. In this case D C Go and we obtain a contradiction as in the proof of 

Lemma 3.17. In a similar way the groups PSp4(3 ) and L3(3) are excluded. 

If N1 -~ L3(2), then (23.3.7) ~ - ~  divides 2~]N1 n Bi~rs! .  Hence 3(rs - r) <_ 

2rs - 1 and so rs < 3r and s < 3, which also leads to a contradiction. 

It  remains to consider the groups L2(q) with odd q. Since the only subgroup of 

L2(q) which is maximal in L2(q) and has odd order is a group of order q ( q -  1)/2 

where q =_ 3 rood 4, then (2-~21,q+ 1 ) = 1 and ( q + l )  ~s-~ divides iOutN1]S~(rs)!. 

It  is easy to see that  this also leads to a contradiction. 

LEMMA 3.19: D C_ Go. 

Proof: Assume that  D ~ Go. Let [N~ n A] _= 0 mod 2. Since [O(A), N n A] c_ 

O(A) A N  and has odd order, then if a is an element of O(A) and ~- is an involution 

in NiAA we have that  TaT has odd order. If (NiNA) a = NjNA (where I ~ j )  then 

TaT has even order. Hence if ]N~AA] -- 0 mod 2, then (N~NA) a = N i A A  for each 

a in O(A) and each i E {1, 2 , . . . ,  k}. Then NiNN~ contains N i N A  and Ni = Nff 

for each i E { 1 , 2 , . . . , k }  and a i n  Go. Now [N~NA I -- l m o d 2  and similarly 

INiNB] ---- 1 mod 2. Since by Lemma 3.18, IN1[ divides IN1NAIIN1NBI] Out NI[ 

and N1 n A and N1 A B have both odd orders, then the order of a Sylow-2- 

subgroup of G must divide the order of Out N1. It  is easy to see that  this is not 

the case. Thus D must be contained in Go. 

LEMMA 3.20: There exists no counterexample. 

If N1 is one of the following groups: L4(2), M n ,  PSP4(3), L2(q), L3(3), L3(5), 

then [ Outc(N1)[  is a power of 2. Therefore these groups cannot occur in N. 

Note that  in each case IG0: N I divides I Outc(N1)l ~. 
Therefore the remaining possibilities for N1 are: U3(8), L3(8). 

Let, for instance, N1 -~ U3(8). Then it follows from Lemma 3.18 that  [Nil 

divides [NlnAll N1 NBII Out Nil. It is well-known that  the only maximal subgroup 

of N1 containing a subgroup of order 19 is a subgroup N1 n A of order 57. Hence 

the other subgroup N1 n B must contain a Sylow-2-subgroup of order at least 25. 

It  follows that  it is contained in a Borel subgroup of N1. Since this subgroup is 

2-closed and is contained in the normalizer of some non-trivial subgroup of odd 

order, this leads to a contradiction (see, for example, (1.18) in [7]). 

The other case is treated similarly. The theorem is proved. 
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4. E x a m p l e s  

Let G = SL2(qm) " where q is a prime power, m and q are odd numbers. There 

exists an automorphism ¢ of the field GF(q m) of order m which maps an element 

a E GF(q) onto a q. This automorphism induces an obvious automorphism of 

the group G which maps every entry of a matrix in G onto its q-th power. Then 

f" = <  ¢ > ~<G is a subgroup of the holomorph of the group G (we identify 

with its image). 

Clearly the subgroup /) of matrices whose first row consists of a and t3 and 

whose second row is 0 and 1/a (where a C GF(qm) * and ~ C GF(qm)) is invariant 

under < ¢ >. Hence there exists a subgroup/ )  = <  ¢ > ~<B of order q~(qm-1)m.  

Let G = G/Z(G),  where Z(G) is the set { + I , - I } .  Let q - 3 mod 4. Then the 

image o f / )  in G is a subgroup B of order qm(qm _ 1)/2; the image o f / )  is a 

subgroup H of odd order ]BIm. 

By the theorem of Dickson the group G contains a dihedral subgroup D of 

order qm ÷ 1 (see Lemma 2.1). Obviously we have B D  = G, since 

( q ~ + l ' q m ( q m - 1 ) ) 2  = 1  

and the order of G is qm(q2m _ 1)/2. There exists a unique class of dihedral 

subgroups of order qm + 1 in G. Since G is normal in the group F = F/Z(F),  

an application of the Frattini argument yields that  P = GNr(D)  = B N r ( D )  = 

HNr(D) .  Since Na(D)  = D, it follows that  K = Nr (D)  is an extension of a 

group D by a cyclic group of order m. This implies that  K is a 2-nilpotent group 

of order rn(q "~ + 1). Since F = H K ,  where the order of F is rn(qm(q 2m - 1))/2, 

the order of H is m(qm(q "~ - 1))/2 and the order of K is rn(q m ÷ 1). Then the 

order of H n K is rn, H = O(H) and H M K = O(H) N O(K) is not contained in 

o(r). 
A similar example can be constructed if q = 1 mod 4 and G "~ PGL(2, q). 
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